Abstract-In this study, a mixed 2 filter design is proposed for multirate transmultiplexer systems with dispersive channel and additive noise. First, a multirate state-space representation is introduced for the transmultiplexer with the consideration of channel dispersion. Then, the problem of signal reconstruction can be regarded as a state estimation problem. In order to design an efficient separating filterbank for transmultiplexer system with uncertain input signal and additive noise, the filter is employed for robust signal reconstruction. The 2 filter design is considered to be a suboptimal approach to achieve the optimal signal reconstruction in transmultiplexer system under unitary noise power. Finally, a mixed 2 filter is proposed to achieve a better signal reconstruction performance in transmultiplexer systems. These design problems can be transformed to solving the eigenvalue problems (EVP) under some linear matrix inequality (LMI) constraint. The LMI Matlab toolbox can be applied to efficiently solve the EVP by convex optimization technique.
A general problem encountered in conventional multirate transmultiplexers is the crosstalk caused by the downsampling operations and the fact that the filters are not ideal. Although the ideal filters cannot be realized in practice, the crosstalk in a transmultiplexer can be canceled or compressed by proper design of the filters [9] , [10] . When the crosstalk is eliminated, the transmultiplexer achieves perfect reconstruction (PR) that the output signals of each band are the scaled and delayed versions of the inputs. A lot of works have recently been devoted to the design of PR transmultiplexer [11] , [12] . Actually, the multirate filterbank and multirate transmultiplexer are complementary systems. When the filterbank is used in the transmultiplexer, it has been shown [9] that if the quadrature mirror filter (QMF) bank satisfies the PR condition, then the transmultiplexer also satisfies PR condition. Since QMF bank and transmultiplexer are dual to each other, the problem of designing filters for PR transmultiplexers is the same as the design of perfect or near PR QMF banks. A very throughout discussion about the design of separating filter and/or combining filter banks can be found in [18] .
However, in the above conventional research of transmultiplexers, the channel effect is neglected and PR is exploited. Actually, in practical transmultiplexer systems, for instance, the application in communications, in addition to external noise, distortion due to transmission media (see Fig. 2 ) results in impracticality of PR. The performance of transmultiplexer systems based on a conventional PR design method would be deteriorated. A multirate state-space model has been introduced in [5] [6] [7] for transmultiplexer systems with channel noise. A Kalman filter is implemented to replace the conventional separating filters to achieve better performance of signal reconstruction. The drawback of this approach is that the model for input signal and statistics of channel noise are necessary, and the channel dispersion is neglected. Therefore, the separating filterbank design is signal dependent, and the parameter estimation of signal model is needed before filter design. Furthermore, the accuracy of the signal model will have much influence on the design performance. However, the high accuracy needs a higher order signal model, which will increase the complexity of the design.
In this study, we take the channel dispersion into account, and the multirate state-space model in [5] is modified. The advantage of the proposed multirate state-space model is that the input signal parameters are not included in the multirate state-space model and need not be estimated. Therefore, the design procedure is simpler and can be applied to the systems where input signal model cannot be easily identified. Then, a mixed filtering technique [14] , [15] is developed for the design of separating filterbank of a transmultiplexer system; see Fig. 2 . Since the driving noise of the multirate state-space model is uncertain and the statistics of measurement noise cannot be accurately calculated, the signal reconstruction is employed to eliminate the effect of the uncertainties on the reconstruction error from the worst-case perspective. Simultaneously, an optimal reconstruction performance is achieved by the proposed method. This design problem can be transformed to solving an eigenvalue problem (EVP) under some LMI constraint. This EVP can be solved efficiently by convex optimization techniques. With the help of LMI Matlab toolbox, the proposed separating filterbank design procedure can be performed very easily. Finally, several examples are also given to illustrate the proposed design procedure and to confirm the reconstruction performance by comparison.
The paper is organized as follows. In Section II, the signal reconstruction problem of transmultiplexer system is formulated as a multirate state-space model with the consideration of dispersive channel and additive noise, where the need for parameter estimation of signal models is avoided. A mixed filtering technique is then derived in Section III to solve the state estimation problem with the uncertainties of input signals and measurement noise. Several computer simulations are shown in Section IV to illustrate the performance improvement by the proposed method. Concluding remarks are finally made in Section V.
II. STATE-SPACE DESCRIPTION OF TRANSMULTIPLEXER SYSTEMS
The transmultiplexer system with channel distortion is shown in Fig. 2 . The outputs of the separating filters are delayed versions of inputs because of the system delay. We extend the derivation in [5] to incorporate the dispersive channels. Here, the coefficients of the models of input signals are not required. In Fig. 2(b) , for denote the combining filterbank. for denotes the transfer functions of the channels corresponding to the th channel, respectively.
Remark 1: In the application of the CDMA uplink system (see Fig. 5 ), the channels , for are different. However, in the applications of OFDM and DMT, such as terrestrial digital audio broadcasting (T-DAB) and asymmetric digital subscriber line (ADSL) systems, [see Fig. 2(a) ]. Supposing the combining filters and the channels have finite impulse responses (FIRs). Assume that the overall transfer func- (2) where the rate of decimation . The length of the filter must be chosen as an integer multiple of for our later establishment of the state-space model. If this is not the case, some zeros must be padded to high-order terms of the impulse response to satisfy this condition. Define , which is an integer. We stack consecutive samples to form an vector From (1) and (2), can be presented as
where The received signal, i.e., the input of the separating filter bank (or the proposed mixed filter; see Fig. 2 ) is the summa-tion of , for , and the additive noise (4) where We modify the input state model from [5] as the following: (7) is attained. Since the statistics of driving noise and measurement noise in (7) are uncertain, the conventional Kalman filter cannot be easily employed to treat the state estimation problem. In this situation, a state estimation algorithm based on a mixed filtering technique is developed to deal with the signal reconstruction problem of transmultiplexer with uncertain input signals and channel noise.
III. MIXED FILTER DESIGN TECHNIQUE
In the state-space system (7) of transmultiplexer, the following smoothing (delayed) input is to be reconstructed:
for integer , where denotes an -column vector with all zeros, except one at the th element. Let . The overall state-space system of transmultiplexer is described as follows: (9) where is a constant matrix, which is specified to extract the desired signal from the state vector . Our goal is to estimate from the received signal vector in the statespace system (9) as precise as possible. Hence, the following estimator is proposed to deal with the state estimation for the linear state-space system (9) (10) where denotes the steady estimation gain. Remark 2: By the structure of , , and , the high order estimator in (9) can be implemented by the following lower order version: (11) for . Here, is the estimation gain of the th separating filter. The estimation gain of the overall separating filtering system (10) is . Remark 3: The transfer matrix between and is Therefore, if the estimation gain is specified, then the separating filterbank can be designed based on .
A. Filtering
The filter is designed by minimizing the worst-case effect from all possible bounded disturbance and noise on the filtering error [16] . We want to design an estimator (i.e., to select ) such that the gain from and to the estimation error , which is defined as , is less than a pre-scribed positive value [16] , [17] , i.e.,
is achieved for all bounded and , where , , and are positive-definite weighting matrices for the designer. is a prescribed positive value. Inequality (12) is equivalent to or (13) where denotes input signal length. From (10), can be expressed as , where is defined as the estimate error of the state . If the uncertainty of the initial condition is also considered, (13) can be modified to (14) where is a non-negative-definite matrix, and is a positive and symmetric weighting matrix on the initial estimation error. Then, the -estimation design problem in the transmultiplexer system is to specify the estimator gain of the state estimator in (10) such that the performance in (14) is satisfied. The following results are derived to satisfy (14) .
Theorem 1: In the transmultiplexer system (9), the estimator in (10) can be designed to select to satisfy the filtering performance (14) . If there exists a positive-definite matrix and such that the following linear matrix inequality (LMI) (15) is satisfied, , and the designed estimator gain . Then, the filtering performance (14) is guaranteed at the steady state for a prescribed positive value . It is noted that is a necessary condition for (15) .
The sufficient condition for (14) being satisfied is (17) Hence, if inequality (17) holds, the performance in (14) is achieved. From (9) and (10), we can derive the following error dynamic system: (18) Substituting (18) into (17) and rearranging it, we get the equivalent form
The above matrix inequality holds for all , , and if (19) For the convenience of design, only the steady-state case (i.e., ) is considered in our study. Then, we get . In this situation, we can express (19) as (20) Applying Schur complements [13] to (20) and defining , we obtain (15) . Hence, for a prescribed positive value , if there exists a positive definite matrix that satisfies (15), then filtering performance (14) is achieved. This completes the proof.
Remark 4: If we wish to have a better performance, the optimal filter design with a minimum , which is denoted , can be formulated as follows: subject to and (21) and the estimation gain in (10) is obtained by . Actually, for a prescribed robust factor in the estimator design, there are many to satisfy the LMI in (15) . In this situation, there is a design freedom to specify a among them to achieve the filtering performance. It is discussed in the following subsection.
B. Filtering
Here, a novel and suboptimal filter is proposed for our separating filter realization in (10) . This filtering performance can be obtained by minimizing the covariance of estimate error with unitary noise power because the statistics of and are unknown, and the covariance matrices and are assumed to be identity matrices. The mean-square error is defined as Proof: From (18), the covariance matrix of at the steady state is obtained as follows: (25) Equation (25) is obtained by the assumption that , , and are mutually orthogonal. For the convenience of our design, considering the situation of the steady-state case (i.e., ), the covariance matrix of the state error at the steady state is constant for all (where is large enough). Denote . Substituting (25) into (22), we get (26) We then conclude that the mean-square error is upper bounded by (27) if the following inequality is achieved:
, and multiply the left and right sides of (28) by ; then, we get (29)
Applying Schur complement to (29), we obtain its equivalent LMI form (23). Hence, if (23) holds, the covariance of the estimation error has an upper bound (27). This completes the proof.
For a positive definite matrix , the sufficient condition of is . Again, applying Schur complement to this sufficient condition, we obtain the LMI form (30) Therefore, the suboptimal filtering technique is solved by the following linear optimization problem: subject to and (31) After and are obtained from the above EVP, the filter gain is obtained by .
C. Mixed Filtering
In this subsection, we combine the filter and filter designs discussed above to improve the performance. If the filter (15) with a prescribed is employed to treat the robust state estimation problem, there are many estimators of to satisfy this performance. Hence, it is appealing to specify a solution among them to minimize the filtering performance. Therefore, we mix the filter (31) with the filter to achieve the state estimation of the transmultiplexer. For the convenience of design and combining Theorems 1 and 2 with and , the mixed estimation design for a prescribed can be formulated as follows: subject to (15), (23), (30), and
Then, the estimation gain in (10) can be obtained by .
Remark 5:
We let in the above mixed problem only for the convenience of design. This constraint will make the result conservative.
IV. SIMULATION RESULTS
The performance of the proposed separating filterbank design based on the mixed filtering is illustrated in this section by two simulation experiments. When the combining filterbank is given for design purpose, the and in (9) are all known. Therefore, using the design of estimator in the above section, the mixed filtering technique-based separating filter is designed for better signal reconstruction.
Example 1-Four-Band Transmultiplexer: This example considers a four-band transmultiplexer system. The lengths of the combining filters are all with 16, whose frequency responses are shown in Fig. 3 . The input signals are produced by driving a ten-order model with zero-mean, unit variance, white Gaussian noise. The four transmission channels are the same, i.e., the case of Fig. 2(a) , in which signals are transmitted in the same channel (such as the applications in wireline communications or radio broadcasting systems). In this example, the impulse response of the channel is given as An additive zero-mean, white Gaussian noise is also introduced.
A suitable performance measurement is the reconstruction signal-to-noise ratio (SNR) of each band, which is defined as SNR (33) for . In this example, . Obviously, the larger the SNR is, the better the signal reconstruction performance. Since the reconstruction SNR is significantly influenced by the additive channel noise, a similar SNR to characterize different channel noise cases is defined as SNR (34) for . The conventional separating filters are replaced by the proposed mixed separating filter. From the solution of the LMIs in (32), we can obtain the estimation gains in (11) , shown in the equation at the bottom of the next page.
Here, we define the weighting matrices , , and as identity matrices, and is equal to 1.
From Remark 3, the frequency responses of the separating filters are shown in Fig. 4 . Since the transmission channel and noise are considered in the transmultiplexer design, the orthogonal property of separating filters is deteriorated. To save space, only the simulation results of band number 1 are listed in Table I . Several cases of SNR are simulated in this example.
In order to demonstrate the robustness and improvement of the proposed design, the performances of the filter design, i.e., the LMI solution in (21) , the filter design (31), and Kalman filter design [5] , i.e., solving the dynamic equations (7) by using the Kalman filter, of the transmultiplexer are also listed in Table I . In the design of , , and mixed filters, we assume that the statistics of the noises and are unknown and that the covariance matrices are defined as identity matrices (unitary power). In the design of Kalman filter, the exact statistics are adopted. The simulation results are obtained by 20 Monte Carlo simulations. From Table I , the signal reconstruction SNR of the filter and are still not good enough. Therefore, the mixed filter is proposed to improve the signal reconstruction performance. The transmultiplexer based on the Kalman filter is optimal from the statistic point of view when the statistics of the signal and noise are available. Example 2-CDMA Application: In this example, we apply the proposed filter to the receiver design of the CDMA wireless communication systems [21] . In Fig. 5(a) , and are the information symbols. denotes the number of active users. The sequences and are the spreading codes, with spreading factor , for each user. In the uplink scenario, the channels , for corresponding to each user, are different. The additive noise is assumed to be zero-mean, white Gaussian noise. The baseband, discrete-time CDMA scheme [ Fig. 5(a) ] can be transformed to an equivalent transmultiplexer system in Fig. 5(b) [19] . The parameters of the combining filters in Fig. 5(b) are the spreading codes, i.e.,
, where denotes the length of spreading code, and . In this situation, the detection design of CDMA system is equivalent to a separating filter design of the equivalent transmultiplexer system.
In this simulation example, the transmitted symbols are BPSK signals, i.e.,
. The 31-length Gold code [20] is adopted for spreading code. In this case, the spreading factor is . The number of users is . The channels are assumed to be FIR filters with order 2. Here, the impulse responses are normalized to unit energy, i.e., , for . To illustrate the performance, the performance measurement is based on the symbol-error rate (SER). Various noise levels are simulated, in which the SNR is defined as SNR
where is the variance of the additive noise, and is the spreading gain.
For comparison, the conventional Rake receiver [20] , the filter, and the Kalman filtering receiver [5] are also simulated via 20 Monte Carlo runs. The performance of the Rake receiver is inferior to the proposed filter, as expected, as shown in Fig. 6 . The symbol-error rate of the filter with the assumption of unitary noise power and the Kalman filter with exact noise statistics are also shown in the figure.
These two simulation examples confirm that the proposed separating filter design provides better performance than the conventional receivers under the channel distortion and signal uncertainty. Given a combining filterbank and channel estimation, we can design the separating filters via the proposed method and can yield satisfactory results. Of course, the combining filterbank with the orthogonal property would result in better reconstruction performance.
In practical applications, the channel may be unknown or slowly time varying. In this situation, the channel should be estimated, and the separating filter should be updated periodically.
V. CONCLUSIONS
A mixed algorithm-based separating filter design has been proposed in this study for a multirate transmultiplexer system with channel distortion and additive noise. The multirate state-space model of a noisy transmultiplexer system is established first without estimating input signal model, and the signal reconstruction problem can be regarded as a state estimation problem. The proposed mixed algorithm can solve the state estimation problem under uncertain or unknown statistics of driving noise and measurement noises. Furthermore, the design problem can be transformed to an EVP, which can be solved with the help of LMI Matlab toolbox. Simulation results confirm that the proposed method provides an performance improvement in the reconstruction SNR.
